In extended supersymmetric models with a hidden sector the lightest R-parity odd particle can reside in the hidden sector and act as dark matter. We consider the case when the hidden sector has ultraweak interactions with the visible sector. An interesting phenomenon arises if the LSP of the visible sector is charged in which case it will decay to the hidden sector dark matter. Due to the ultraweak interactions, the LSP of the visible sector will be long-lived decaying outside the detector after leaving a track inside. We investigate this possibility in the framework of a U (1) X -extended MSSM/SUGRA model with a small gauge kinetic mixing and mass mixing between the U (1) X and U (1) Y where U (1) Y is the gauge group of the hypercharge. Specifically we investigate the case when the LSP of MSSM is a stop which decays into the hidden sector dark matter and has a lifetime long enough to traverse the LHC detector without decay. It is shown that such a particle can be detected at the HL-LHC and HE-LHC as an R-hadron which will look like a slow moving muon with a large transverse momentum p T and so can be detected by the track it leaves in the inner tracker and in the muon spectrometer. Further, due to the ultraweak couplings between the hidden sector and the MSSM fields, the dark matter particle has a relic density arising from a combination of the freeze-out and freeze-in mechanisms. It is found that even for the ultraweak or feeble interactions the freeze-out contribution relative to freeze-in contribution to the relic density is substantial to dominant, varying between 30% to 74% for the model points considered. It is subdominant to freeze-in for relatively small stop masses with relatively larger stop annihilation cross-sections and the dominant contribution to the relic density for relatively large stop masses and relatively smaller stop annihilation cross-sections. Our analysis shows that the freeze-out contribution must be included for any realistic analysis even for dark matter particles with ultraweak or feeble interactions with the visible sector. A discovery of a long-lived stop as the lightest particle of the MSSM may point to the nature of dark matter and its production mechanism in the early universe. *
Introduction
The experiment at the Large Hadron Collider (LHC) has so far analyzed up to 139 fb −1 of data for each of ATLAS and CMS and the results are consistent with the Standard Model (SM). Specifically there is yet no signal for supersymmetry. The lack of observation of supersymmetry (SUSY) is not surprising in view of the measurement of the Higgs boson mass at 125 GeV [1, 2] which indicates that the size of weak scale supersymmetry lies in the TeV region. Thus the SUSY parameter space giving rise to traditional signals which involve final states with large missing energy due to a neutralino as the lightest supersymmetric particle (LSP), or hard jets arising from the decay of strongly interacting SUSY particles (squarks and gluinos) or high momentum leptons coming from the decay of electroweak gauginos is now signficantly more constrained. Constraints are less severe for more rare processes because of their small production cross-sections. Even for the largest production cross-sections the region of compressed sparticle spectrum is as yet not significantly constrained. In the Rparity conserving minimal supersymmetric standard model (MSSM) the decay chain always ends up with the LSP along with standard model particles. If the mass gap between the produced sparticle and the LSP is small (in which case the sparticle is the next-to-LSP, or NLSP), the decay products are soft and thus pose a challenge to experiment at the LHC. This region also requires attention regarding satisfaction of relic density constraints. For instance, in the region where the stau mass is close to the mass of the LSP the relic density is controlled by coannihilation between the stau and the neutralino (for a recent analysis see [3] and references therein). The coannihilation region is particularly useful for models where the LSP is bino-like and the relic density arising from LSP annihilation alone would be far in excess of the observed relic density. Here one needs coannihilation to deplete the LSP relic density to the experimentally observed value. Aside from the stau, a gluino, a stop, or a chargino can be the particles that coannihilate with the LSP (for recent works on gluino, stop and chargino as coannihilating particles see Refs. [4] [5] [6] [7] and the references therein).
Another search which is still not highly constrained is that for exotic signals, in particular, long-lived particles. Most long-lived particle searches at the LHC consider an NLSP very close in mass to the LSP (∆m ∼ few GeV down to MeV) resulting in a highly suppressed phase space. This leads to a small decay width for the NLSP and thus a long-lived particle. If the particle is charged and stable over detector length it can be identified by the track it leaves in the inner tracker and in the muon spectrometer. Other signatures are possible such as a disappearing track where a charged particle can decay into very soft final states which escape the trigger threshold (for a good review of collider searches for long-lived particles, see Refs. [8, 9] ). Thus, ATLAS and CMS were not designed to look for long-lived particles and part of the upcoming upgrade is to further the capabilities of these detectors to become more sensitive to such searches.
Long-lived particles can arise in SUSY models with a hidden sector if the hidden sector has ultraweak interactions with the visible sector and the LSP of the visible sector decays into the hidden sector. In this work we discuss an MSSM/SUGRA (supergravity) model extended by an extra U (1) X gauge group with a gauge kinetic mixing [10, 11] and Stueckelberg mass mixing [12] [13] [14] [15] between the U (1) X and the SM hypercharge U (1) Y gauge groups. The model contains additional chiral scalar superfields S andS and a vector superfield C. The fermionic component of S andS and the gaugino components of C mix with the MSSM neutralino fields producing a 6 × 6 neutralino mass matrix. The input mass hierarchy of the neutralino sector allows us to have the LSP as the neutralino of the hidden sector. Thus, the decay of the NLSP or any other MSSM field into the hidden sector LSP is highly suppressed by our choice of the gauge kinetic and mass mixing parameters. Being a dark matter candidate and possessing very weak interactions with the visible sector, the LSP will be produced out of equilibrium in the early universe. For MSSM coupled to the hidden sector by ultraweak interactions, the LSP relic density cannot be accounted for by the usual freeze-out mechanism alone. However, it is shown that the dark matter relic density consistent with experiment can be achieved by a combination of the freeze-out 1 and freeze-in [16] [17] [18] mechanisms. Despite the small decay widths of all heavier visible sector sparticles into the LSP, this decay will eventually happen over a period of time thus producing the desired contribution to the relic abundance.
In the analysis here we consider a set of benchmarks satisfying the constraints on the Higgs boson mass and the relic density as measured by the Planck Collaboration [19] where the stop is the NLSP and a long-lived particle. We perform a collider analysis discussing the prospects of discovering a long-lived stop at HL-LHC and HE-LHC [20] [21] [22] [23] (for previous works on HL-LHC and HE-LHC, see Refs. [24] [25] [26] [27] [28] ). The stop has very late decays into the hidden sector LSP but is stable over detector length and so can be identified by the track it leaves in the detector after hadronizing into what is known as an R-hadron. We note that several works exist in the literature on supersymmetric U (1) extensions of MSSM and their implications on dark matter and collider searches (see, e.g., [29] ). Also, several works on signatures of long-lived particles at colliders with freeze-in dark matter have appeared recently [30] [31] [32] [33] [34] [35] as well as scenarios testing for freeze-in via direct detection [36] [37] [38] [39] [40] and indirect detection [41, 42] . The analysis of this work is significantly different from these.
The outline of the rest of the paper is as follows: in Section 2 we give an overview of the U (1) X -extended MSSM/SUGRA model used in this work followed by a discussion of freezein dark matter relic density in Section 3. A discussion of the high scale model input and benchmarks is given in Section 4 and production of stops at the LHC along with their crosssections given in Section 5. Signal and SM background simulation along with the adopted selection criteria and results are discussed in Sections 6 and 7. Conclusions are given in Section 8.
The model
As discussed above we consider an extension of the standard model gauge group by an additional abelian gauge group U (1) X . The particle spectrum in the visible sector, i.e., quarks, leptons, Higgs and their superpartners are assumed neutral under U (1) X . We focus first on the abelian gauge sector of the extended model which contains two U (1) vector superfields, i.e., a vector superfield B associated with the hypercharge gauge group U (1) Y , a vector superfield C associated with the hidden sector gauge group U (1) X . In the Wess-Zumino gauge the B and C superfields have the following components
and
The gauge kinetic energy sector of the model is
Next we allow gauge kinetic mixing between the U (1) X and U (1) Y sectors through terms of the form
As a result of Eq. (4) the hidden U (1) X interacts with the MSSM fields via the kinetic mixing parameter δ which can be chosen to be very small. The kinetic terms in Eq. (3) and Eq. (4) can be diagonalized using the transformation
where c δ = 1/(1 − δ 2 ) 1/2 and s δ = δ/(1 − δ 2 ) 1/2 .
Aside from gauge kinetic mixing, we assume a Stueckelberg mass mixing between the U (1) X and U (1) Y sectors so that
where S andS are chiral superfields. We note that Eq. (6) is invariant under U (1) Y and U (1) X gauge transformations so that,
with δ X B = 0 and δ Y C = 0 implying the invariance of B and C under U (1) X and U (1) Y , respectively. The chiral scalar superfield S has the expansion in component form so that
and a similar expansion holds forS. Further, in component notation, L St is given by
In the unitary gauge the axion field a is absorbed to generate mass for the U (1) X gauge boson.
It is convenient from this point on to introduce Majorana spinors ψ S , λ X and λ Y so that
In addition to the above we add soft terms to the Lagrangian so that
where m X is mass of the U (1) X gaugino and M XY is the U (1) X -U (1) Y gaugino mixing mass. We note that the mixing parameter M XY and M 2 even when set to zero at the grand unification scale will assume non-vanishing values due to renormalization group evolution. Thus M XY has the beta-function evolution so that β (1)
where g Y is the U (1) Y gauge coupling. Similarly, the mixing parameter M 2 has the betafunction so that β (1)
In the MSSM sector we will take the soft terms to consist of m 0 , A 0 , m 1 , m 2 , m 3 , tan β, sgn(µ).
Here m 0 is the universal scalar mass, A 0 is the universal trilinear coupling, m 1 , m 2 , m 3 are the masses of the U (1) Y , SU (2) L , and SU (3) C gauginos, tan β = v u /v d is the ratio of the Higgs vacuum expectation values and sgn(µ) is the sign of the Higgs mixing parameter which is chosen to be positive. Here we have assumed non-universalities in the gaugino mass sector which will be useful in the analysis in Section 4 (for some relevant works on non-universalities in the gaugino masses see Ref. [43] ).
We focus first on the neutralino sector of the extended SUGRA model. We choose as basis
where the first two fields arise from the extended sector and the last four, i.e., λ Y , λ 3 ,h 1 ,h 2 are the gaugino and higgsino fields of the MSSM sector. Using Eq. (5) we rotate into the new basis (ψ S , λ X , λ Y , λ 3 ,h 1 ,h 2 ) so that the 6 × 6 neutralino mass matrix takes the form
where s β ≡ sin β, c β ≡ cos β, s W ≡ sin θ W , c W ≡ cos θ W with M Z being the Z boson mass and θ W the Weinberg mixing angle. We label the mass eigenstates as
Since the mixing parameter δ is very small, the first two neutralinosξ 0 1 andξ 0 2 reside mostly in the hidden sector while the remaining fourχ 0 i (i = 1 · · · 4) reside mostly in the MSSM sector. In the limit of small mixings between the hidden and the MSSM sectors the masses of the hidden sector neutralinos are
For the case when the lighter hidden neutralinoξ 0 1 is the least massive of all sparticles in the U (1) X -extended SUGRA model,ξ 0 1 is the LSP and thus the dark matter candidate. Such a possibility has been foreseen in previous works (see, e.g., [44] [45] [46] ).
We turn now to the charge neutral gauge vector boson sector. Here the 2 × 2 mass-squared matrix of the standard model is enlarged to become a 3 × 3 mass-squared matrix in the U (1) X -extended SUGRA model. Thus after spontaneous electroweak symmetry breaking and the Stueckelberg mass growth the 3 × 3 mass-squared matrix of neutral vector bosons in the basis (C µ , B µ , A 3 µ ) is given by
where
The mass-squared matrix of Eq. (17) has one zero eigenvalue which is the photon while the other two eigenvalues are
where M + is identified as the Z boson mass while M − as the Z boson. The diagonalization of the mass-squared matrix of Eq. (17) can be done via two orthogonal transformations where the first is given by [15] 
which transforms the mass matrix to
where α = c δ − s δ . The gauge eigenstates of M 2 V can be rotated into the corresponding mass eigenstates (Z , Z, γ) using the second transformation via the rotation matrix
where θ W represents the mixing angle between the new gauge sector and the standard model gauge bosons while the other angles are given by
3 Dark matter relic density from freeze-in and freeze-out
As discussed in Section 1, dark matter in the hidden sector may have couplings with the visible sector which are ultraweak. Using the analysis of Section 2, we assume that the lightest particle of the extended model is the hidden sector neutralinoξ 0 1 . Because of its ultraweak couplings with the visible sector, ξ 0 1 falls out of equilibrium very early in the thermal history of the universe and further for the reason of its ultraweak interactions its freeze-out (FO) relic density arising from its pair annihilation would be negligible. For a generic analysis, we denote this particle by ξ and assume it has a negligible abundance in the early universe. However, since ξ is the lightest particle in the bath, all the heavier Rparity odd particles, though ultraweakly coupled to ξ, will eventually decay in time to it. This implies that the abundance of ξ will rise as the temperature T drops until the decaying particles run out leading to a saturation in the abundance of ξ. For a decaying particle of mass M the dominant production of ξ occurs at T ∼ M while the production is Boltzmann suppressed for M > T . Below we give an overview of the calculations of the relic density via freeze-in (FI) [16, 17] then specialize to the specific case where the NLSP is a stop.
For a flat universe, the first Friedman equation reads
where ρ is the energy density and G is Newton's gravitational constant. In the radiation dominated universe (for a photon temperature T 100 eV), the entropy and energy densities can be written as
and g i counts the particle internal degrees of freedom at a temperature T i . Substituting Eq. (26) into Eq. (24) one finds
with M pl being the Planck mass. Using the fact that entropy per comoving volume is conserved, namely (sR 3 ) = const, and taking the time derivative one has
where H ≡Ṙ/R. Using Eq. (25), one gets
Denoting the quantity in the parentheses of Eq.
Next focusing on the reaction X Y + ξ where both X and Y are in the thermal bath and ξ is the dark matter particle, the Boltzmann equation for the number density of ξ readṡ
where the plus sign in Eq. (33) and in the denominator on the right-hand-side of Eq. (34) is for bosons and minus for fermions. In Eq. (33), |M| 2 are summed over initial and final spin and color states. We introduce the fugacity z of the system as z = z f e µc/T with µ c being the chemical potential and z f = +1 for a boson, −1 for a fermion and zero for a dark matter particle. The matrix element squared, |M| 2 , which enters in the decay width of X → Y + ξ, is averaged over initial spin and color states and summed over final spin and color states. Thus the decay width of the process X → Y + ξ is given by
Assuming the initial ξ abundance is zero, i.e., f ξ = 0, the term corresponding to Y + ξ → X in Eq. (33) vanishes. Further, we set 1 + f Y ∼ 1 which reduces Eq. (33) to the followinġ
Noting that |M| 2 = g X |M| 2 and using Eq. (35), we can write Eq. (36) so thaṫ
is the Bessel function of the second kind and degree one. Now note that defining
Next we use the relation between time and temperature which is dt = − dT H(T )T . Using this in Eq. (39) we get,
In the numerical analysis we use the more exact form of Y ξ given by
where T 0 is the current temperature and T R is the reheating temperature and we have defined K 1 as the generalized Bessel function of the second kind of degree one given by
with the function S defined in [17] as
where neglecting the effect of the chemical potential, i.e. setting z Y and z ξ to zero, S → 1 and so Eq. (42) reduces to Eq. (38). The function K 1 which takes six arguments corresponding to values of x X,ξ,Y where x = m/T and by the fugacity parameters z X,ξ,Y is evaluated using micrOMEGAs5.0 routines.
For our benchmarks, the NLSP is the stop and so one of the reactions contributing to dark matter production via FI ist →ξ 0 1 t. Taking zt = +1, z t = −1 and zξ0 1 = 0, Eq. (41) takes the form
where gt = 6. The integral of Eq. (44) is evaluated numerically and using
we calculate the FI contribution to the relic density, i.e., (Ωh 2 ) FI . In Eq. (45), s 0 is today's entropy density, ρ c is the critical density and h = 0.678.
Next we use the benchmarks of Table 1 of Section 4 to exhibit in the left panel of Fig. 1 the comoving number density of the hidden sector neutralino and the stop as a function of x = mξ0 1 /T for the freeze-in case. Here one finds that at small x, i.e. at high temperatures the abundance ofξ 0 1 is negligible as expected and starts to grow as the temperature drops until reaching its saturation value at x ∼ 3 − 5 while the abundance of the stop decreases with x due to the slow decay of the stop into the hidden sector neutralino. The four curves correspond to four of our ten benchmarks of Table 1 and the plot is only drawn for the abundance obtained by the decay of a stop. To understand the order of those curves, we note that the comoving number density at saturation is Y max ξ 0 1 ∝ Γt/m 2 t and benchmarks (a), (c), (e) and (g) have an increasing stop mass which explains the order of the curves in the left panel of Fig. 1 . Table 1 for the freeze-in situation. Right panel: a plot of the total relic density from FI and FO versus the dark matter mass for the same benchmarks. The mass range is obtained by varying M X and keeping the rest of the input parameters the same. The grey patch shows the allowed region of the relic density taking theoretical uncertainties into account.
The second contribution to the relic density is due to the freeze-out processes. However, the freeze-out contribution is not from theξ 0 1ξ 0 1 annihilation which, as discussed earlier, is assumed negligible. Rather, it arises from the freeze-out of the stops which are in thermal equilibrium with the bath in the early universe. Once out of equilibrium, the stops then decay toξ 0 1 to make up the FO portion of the relic density. Using the standard FO considerations, one can determine the relic density of the stops, (Ωh 2 )t FO , using micrOMEGAs and the relic density ofξ 0 1 is given by
The total relic density as given in Table 2 is then
Thus the total relic density receives contributions from both freeze-out and freeze-in mechanisms and is consistent with the current value of the dark matter relic density as measured by the Planck experiment [19] Ωh 2 = 0.1198 ± 0.0012,
for all the benchmarks of Table 1 .
The total relic density of Eq. (47) is plotted against the dark matter mass in the right panel of Fig. 1 for four benchmarks (a) , (c), (e) and (g) of Table 1 . The grey patch shows the acceptable region of dark matter relic density taking into account the theoretical uncertainties.
The FO contribution to the relic density has a linear dependence on mξ0 1 and so this nonlinear variation in Ωh 2 is driven by the FI contribution which is proportional to mξ0 1 Γt/m 2 t .
For a fixed stop mass, as the dark matter mass increases (approaching the stop mass), the ratio mξ0 1 /m 2 t becomes larger and competes with the falling decay width causing a steady rise in the FI relic density. However, for mξ0 1 smaller than a certain threshold, the decay width begins to compete with the decreasing mξ0 1 /m 2 t eventually leading to an increase in the FI relic density even for small dark matter masses. This trend can be clearly seen in the right panel of Fig. 1 .
Before concluding this section, it is worth noting that the freeze-in contribution is most relevant when the stop annihilation cross-section is the largest. This general trend can be seen from Table 2 where the FO relic increases with increasing stop mass while the opposite happens for the FI relic density. For heavier stops, the annihilation cross-section drops and with this the FO relic density increases. As a result, the FI contribution decreases which can also be seen from its inverse dependence on m 2 t . We note that in the above we have not taken into account the effect of CP phases on the soft parameters in the MSSM analysis. Such phases, however, are likely to affect the analysis to order a few percent (see, e.g., [47] ) and not drastically change the conclusions of the analysis given here.
Model implementation and long-lived stop
For a phenomenological study of the model described in Section 2, we use the mathematica package SARAH-4.14 [48, 49] to generate model files for the spectrum generator SPheno-4.0.3 [50, 51] which runs the renormalization group equations (RGE) starting from a high scale input to produce the sparticle masses and calculate their decay widths. SARAH also generates CalcHep/CompHep [52, 53] files used by micrOMEGAs-5.0.4 [54] to determine the dark matter (DM) relic density via the freeze-out and freeze-in routines and UFO files [55] which are input to MadGraph5 [56] .
The input parameters of the U (1) X -extended MSSM/SUGRA [57, 58] are of the usual nonuniversal SUGRA model with additional parameters as below (all at the GUT scale) m 0 , A 0 , m 1 , m 2 , m 3 , M 1 , m X , δ, tan β, sgn(µ).
where m 0 , A 0 , m 1 , m 2 , m 3 , tan β and sgn(µ) are the soft parameters in the MSSM sector as defined earlier. The parameters M 2 and M XY are set to zero at the GUT scale. However, those parameters acquire a tiny value at the electroweak scale due to RGE running. In scanning the parameter space of the model we accept points satisfying the Higgs boson mass and DM relic density constraints. Taking theoretical uncertainties into consideration, the constraint of the Higgs mass is at 125 ± 2 GeV while the relic density is in the range 0.110−0.128 and both constitute the first level of constraints. More requirements coming from LHC data and cosmology are imposed thereafter (discussed later). We select ten benchmarks satisfying all the previous constraints and are displayed in Table 1 . The search for promptly decaying stops at the LHC targets non-leptonic (high p T jets along with large missing transverse energy) and leptonic final states. For non-compressed spectra, the latest searches with the most stringent constraints on the stop mass are from ATLAS [59] where a stop mass up to 1 TeV is excluded for an LSP mass less than 160 GeV and from CMS [60] with an exclusion limit reaching 1.2 TeV for an LSP mass less than ∼ 400 GeV using 137 fb −1 . For compressed spectra, the latest search from ATLAS uses 139 fb −1 of data and excludes stops up to 720 GeV with an LSP up to 580 GeV [61] . Remarkably, stronger constraints on stop masses come from searches of long-lived stops at the LHC where a stop is considered stable over detector length. Thus ATLAS excludes stops up to ∼ 1.3 TeV [62] while CMS has a weaker exclusion limit at ∼ 1 TeV [63] . Experimental collaborations search for long-lived stops as part of composite objects called R-hadrons which form after a stop hadronizes. R-hadrons, which is a generic name for stop or gluino Rhadrons, have been studied a lot in the experimental community [64-67] and less from the theory/phenomenology standpoint. In the latter, long-lived stops which are degenerate with the neutralino LSP [68, 69] or with the gravitino LSP [70, 71] have been studied in the MSSM while considering visible sector dark matter candidates. In this work we do not require a small mass gap between the stop and the DM candidate as the tiny stop decay width arises only due to the very weak couplings between the visible and hidden sectors.
In Table 2 below we present the stop, gluino and electroweakino masses for our ten benchmarks of Table 2 : Display of the Higgs boson (h 0 ) mass, the µ parameter, the stop mass, the relevant electroweak gaugino masses, and the relic density for the benchmarks of Table 1 computed at the electroweak scale. The lifetime, τ 0 (in s) of the long-lived stop is also shown. All masses are in GeV.
The last column in Table 2 shows the proper lifetime of a long-lived stop and all of which are less than one second. This is in agreement with the cosmological constraint from Big Bang Nucleosynthesis (BBN) which requires the lifetime of long-lived particles to be O(1−10) seconds so that the BBN's prediction of light nuclei abundance in the early universe is not disrupted [72, 73] . In Table 2 we also display the relative contributions from freeze-in given by (Ωh 2 ) FI and freeze-out given by (Ωh 2 ) FO . For model point (c), the freeze-in contribution to the total relic density is about 70% but is only about 26% for model point (j). Typically for relatively small stop masses with relatively large stop annihilation cross-sections, the freeze-in relic density tends to dominate the freeze-out part. However, for relatively larger stop masses with relatively small annihilation cross-sections the freeze-out part tends to dominate the freeze-in part. Importantly, the freeze-out contribution is found never to be negligible relative to the freeze-in part and thus the freeze-in alone is not sufficient for the relic density analysis. This is the case for the entire set of model points considered in Table 1 and the pattern described in shown more explicitly in Fig. 2 . The inversion in the FI and FO contributions to the relic density as a function of the stop mass can be clearly seen as described before while the total relic density lies entirely in the acceptable region (grey patch). In the analysis of Figure 2 : A plot of the relic density versus the stop mass for all the benchmarks of Table 1 . The FI and FO contributions are shown along with their sum which lies inside the grey patch defined in Fig. 1 .
Before we conclude this section we give a brief account of stop R-hadrons and their properties. Long-lived stops (with a decay width 0.2 GeV) immediately hadronize forming color-neutral R-hadrons, Rt, which can be thought of as a stop surrounded by a "cloud" of light quarks. Around 93% of Rt formed are R-mesonstq and the rest are R-baryonstqq. Interactions of R-hadrons with detector material are largely understood as they mainly arise due to light quarks since stops have a small interaction cross-section. For this reason, energy deposited in the calorimeters is small (typically less than 10 GeV). As a result of this interaction most of the Rt transform from mesons to baryons. This transition leads to charge flipping where an R-hadron can go from being electrically charged to neutral and vice-versa. On the average, almost half of the R-hadrons end up flipping sign [74] as they travel the detector length. Since the stop parton of Rt is electrically charged, more than half (∼ 57%) of R-hadrons are formed with an electric charge [64] and will, therefore, leave a track in the inner detector tracker (ID) and in the muon spectrometer (MS). Due to the charge flipping property, tracks may suddenly disappear or appear which is a feature used by experimental collaborations to look for R-hadrons. A track in the ID may have no corresponding track in the MS and vice-versa. An R-hadron composed of an anti-stop is unlikely to transition from an anti-meson state to an anti-baryon. However, if it happens, the anti-baryonic state will annihilate back to a anti-mesonic state as it interacts with the detector material.
Stop pair production at the LHC
In the MSSM, the stop mass receives contributions from terms in the superpotential and from soft SUSY breaking terms. The mass-squared matrix for stop quarks defined in the gauge eigenstate basis (t L ,t R ) is given by
Each of the diagonal entries of this hermitian matrix is a sum of the relevant soft SUSY breaking term, a D term and the top mass-squared. The off-diagonal entries are given in terms of the top trilinear coupling A t , the top mass m t and µ and tan β as defined in Section 4. For a particular choice of A 0 at the GUT scale, the obtained value of A t at the electroweak scale can be large enough to generate a considerable mass splitting between the two top mass eigenstates,t 1 andt 2 obtained by rotating the gauge eigenstates. The lightest of those states ist 1 which we have been simply denoting ast throughout.
The production of stops at the LHC may proceed directly or indirectly following the decay of heavier strongly interacting particles. For instance, the production of gluinosg may be followed by the decayg → t ( * )t which will be the source of stops. From Table 2 , gluinos are more than a TeV heavier than stops, so the production cross-section of a gluino pair is suppressed in comparison to a stop pair production. Hence it suffices to consider direct stop pair production for our study. The production of a stop-antistop pair proceeds via the leading partonic processes gg →tt * ,
with respective cross-sections at leading order (LO) given by [75] σ LO (gg →tt * ) = α s π s β 0 5 48
where α s is the strong coupling constant, √ s is the invariant center of mass energy and β 0 = 1 − 4m 2 t /s. From Eqs. (53) and (54) one finds that the gluon fusion process is the dominant one. Stop-antistop cross-section is known at next-to-leading order (NLO) [75] , at NLO with threshold resummation of next-to-leading logarithm (NLO+NLL) [76, 77] and at NNLO+NNLL [78] . We calculate the stop-antistop pair production cross-section using Prospino2 [79, 80] at NLO in QCD and at NLO+NLL with the help of NLL-fast [81] at 14 TeV and at 27 TeV using the CTEQ5 PDF set [82] . The NLO+NLL cross-sections are ∼ 5% − 8% more than the NLO ones at 14 TeV while the change is less significant at 27 TeV with only a ∼ 2% − 4% increase. Note that stop-antistop cross-sections at NNLO+NNLL are only available in NLL-fast at 13 TeV. Same sign stop pair production cross-section is calculated at LO using MadGraph5. The results are presented in Table 3 . Due to the smallness of the gauge kinetic and mass mixing coefficients, the contributions from the hidden sector to the production cross-section is negligible and so one can use the MSSM to calculate production cross-sections. 
Signal and background simulation and event preselection
Our signal consists of long-lived heavy stops traversing the detector at a low speed. In the muon spectrometer (MS) this particle will look like a heavy muon with a large transverse momentum p T . Therefore the main SM backgrounds are processes resulting in muons along with non-physical backgrounds consisting of mismeasurements (of the muon velocity, as an example) and other detector effects. Hence the largest contributors to the physical SM backgrounds are W/Z/γ * + jets, diboson production, single top, tt and t + W/Z. As explained earlier, R-hadrons undergo charge-flipping as they traverse the detector length while interacting with the detector material. Thus it is very likely that a visible R-hadron track can be detected in the inner tracker with no corresponding track reconstructed in the MS and vice-versa. Unlike GEANT4 [90, 91] , the fast detector simulator DELPHES does not handle such a scenario so we opt to carry out the analysis at the ID level whereby we focus on identifying muons and R-hadrons solely using information from the inner tracker of our generic detector. The signal region (SR) will be called "ID-only". For this SR, some preselection criteria are in order. In the detector, R-hadrons will look like slow moving muons with large transverse momentum p T . Events are selected by identifying muons/R-hadrons tracks which are central and have large p T , i.e. |η| < 2.4 rad and p T > 150 GeV. An electron veto is applied along with a Z veto which means that events whose reconstructed dimuon mass is within 10 GeV of the Z pole mass are rejected.
Selection criteria and results
Following the preselection criteria mentioned in the previous section, additional cuts are applied to enhance the signal over the SM background. The main jet activity in the signal comes from initial and final state radiation (ISR and FSR) while the SM backgrounds include, along with ISR and FSR, hard jets at generator level. Large missing transverse energy E miss T arises due to ISR boosting the R-hadron system thus creating a momentum imbalance which adds to the E miss T of the event. The minimum missing transverse energy in each event must meet the trigger requirement of 90−120 GeV. To distinguish a candidate track from a possible high p T jet faking it, we impose a minimum cut on the spatial separation between a track and the leading jet in an event, ∆R(track, jet 1 ). Another important kinematic variable is the speed β s = p/E of a muon/R-hadron which must be greater than 0.6 so that an R-hadron can be associated with the same bunch crossing and pass the trigger requirement. Much slower R-hadrons do not make it in time to be recorded as an interesting physics event. Muons and SM hadrons mostly have β s ∼ 1 and all events exhibiting β s < 1 are due to mismeasurements and must be accounted for. We list the kinematic variables and their cut values in Table 4 The SR is split into two sub-regions SR-A and SR-B corresponding to a variation in the cut imposed on the muon/R-hadron transverse momentum, p T (µ, Rt). The cut on this variable is optimized for the 14 TeV and 27 TeV studies as shown. It is natural to consider harder cuts on p T when looking at 27 TeV. In Fig. 3 we exhibit the distributions in the variable β s for the benchmarks of Table 1 at 14 TeV (left panel) and 27 TeV (right panel) for 3000 fb −1 of integrated luminosity. One can clearly see that β s is peaked closer to one for lighter stops while it shifts for smaller values for heavier stops. Also it is evident that a cut on β s greater than 0.6 will remove a large part of the signal. After applying all the cuts in Table 4 except the cut on the transverse momentum of the muon/R-hadron we plot the distributions in this p T in Figs. 4 and 5 for the signal S (black histogram) and the SM background B (colored histograms). Actually we show S versus √ S + B so that one can visually see the excess of the signal over the background. Thus Fig. 5 exhibits two signal points (a) and (c) of Table 1 which can be discovered at HL-LHC and HE-LHC, respectively. In the left panel, the signal and backgrounds are scaled to 300 fb −1 at 14 TeV and one can see that a cut on p T greater than 500 GeV will remove most of the background. For point (c) in the right panel, a cut greater than ∼ 600−700 GeV is required for a 5σ discovery at a lesser integrated luminosity of 100 fb −1 at 27 TeV. This shows the reason behind choosing those particular cuts in p T (µ, Rt) as shown in Table 4 . Applying all the cuts in Table 4 for our ten signal points (benchmarks of · · · · · · 1258 189 (h) · · · · · · 2387 285 (i) · · · · · · 4831 461 (j) · · · · · · 9922 791 Table 5 : Comparison between the estimated integrated luminosity (L) for a 5σ discovery at 14 TeV (middle column) and 27 TeV (right column) for a stop R-hadron following the selection cuts, where the minimum integrated luminosity needed for a 5σ discovery is given in fb −1 . Entries with ellipses mean that the evaluated L is much greater than 3000 fb −1 .
The smallest integrated luminosities are obtained in the signal region SR-B which uses harder p T cuts. This is natural since R-hadrons are characterized by their large transverse momenta. Further, harder cuts on p T seem to produce better results especially for points with larger stop mass (points As a comparison between HL-LHC and HE-LHC, we estimate a time frame for discovery using the rates at which HL-LHC and HE-LHC will be collecting data. For the HL-LHC, point (a) may be discoverable within ∼ 8 months from resuming operation while points (b)−(e) will require a period of ∼ 1.2 yrs to ∼ 7 yrs. For HE-LHC, it is expected that such a machine will collect data at a rate of 820 fb −1 /yr and so points (a)−(d) will require ∼ 9 to 24 days of runtime while the rest of the points will take ∼ 1 yr to 12 yrs of runtime for a potential discovery. The advantage of switching to a 27 TeV collider is evident in terms of its mass reach capabilities as well as reducing the runtime for discovery of SUSY.
Conclusions
In this work we discussed the possibility that the neutralino in the hidden sector is the lightest supersymmetric particle, and specifically lighter than all the sparticles in the MSSM spectrum. Further we assume that the hidden sector neutralino interacts with the visible sector with ultraweak interactions. In this case all the sparticles in MSSM will eventually decay to the hidden sector neutralino which will be a dark matter candidate. We investigate this possibility in a concrete setting. We consider an U (1) X gauge extension of MSSM/SUGRA model which will have two U (1) gauge factors: U (1) X and U (1) Y where U (1) Y is the gauge group of the hypercharge. Here one has the possibility of gauge kinetic mixing and Stueckelberg mass mixing between the two U (1) gauge groups. If the mixing between the two is very small, one has interactions between the hidden sector and the visible sector which are ultraweak. In this case the LSP in the MSSM sector will decay into the hidden sector neutralino with a long lifetime and will escape the detector without decay and if charged it will leave a track inside the detector. In the analysis below we investigate concrete models where this situation is realized. Specifically we consider models where the LSP in the MSSM sector is a stop which decays into the hidden sector dominantly via the processt →ξ 0 1 t, whereξ 0 1 is the dark matter particle in the hidden sector. In the analysis presented here we investigate a set of benchmarks containing a stop NLSP with mass range of 1.4 TeV to 2.3 TeV which is long-lived and carry out a collider analysis for its discovery at the HL-LHC and HE-LHC. A long-lived stop hadronizes into an R-hadron made up of the stop parton surrounded by light standard model quarks. The R-hadron is color neutral but electrically charged and can be identified by the track it leaves in the detector. It is characterized by its large transverse momentum and slow speed β s . In our analysis we focused on information from the tracker and we showed that half of the benchmarks of Table  1 corresponding to a stop in the mass range 1.4 TeV to 1.8 TeV can be discovered at HL-LHC while all the benchmarks of Table 1 are discoverable at HE-LHC. At HL-LHC, an integrated luminosity ∼ 230 fb −1 is needed to discover a 1.4 TeV stop which is right around the corner once the LHC is back to collecting more data. The integrated luminosity for discovery is greatly reduced at HE-LHC where an integrated luminosity as low as 20 fb −1 is sufficient to discover a 1.4 TeV stop and an integrated luminosity of ∼ 800 fb −1 is sufficient to discover a 2.3 TeV stop.
An important conclusion of our analysis is that even for dark matter with ultraweak or feeble interactions, the freeze-in relic density is not an accurate measure of the total relic density and one must include the freeze-out contribution from the next-to-lightest supersymmetric particle. Thus our analysis based on the benchmarks of Table 1 and Table 2 shows that freeze-in relic density is typically dominant for part of the parameter space where the stop masses are relatively small where its relative contribution to the total relic density can be up to ∼ 70% (for model (c)) but is typically subdominant for relatively large stop masses where its contribution is as small as only ∼ 24% (for model (j)).
